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We study the semi-inclusive one-pion production in the deep inelastic scattering of a longitudinally
polarized charged lepton beam o an unpolarized nucleon target, with an emphasis on the positivity
restrictions on the corresponding structure functions. In combination with the Callan-Gross-type




, we derived an upper bound on the
Levelt-Mulders asymmetry.
During the past decade, much attention [1,12] has been paid to the semi-inclusive pion production in the deep
inelastic lepton-nucleon scattering (DIS). On the other hand, there have already appeared some experimental eorts
[13,14]. Among others, Levelt and Mulders [9] have considered a hsin i-type asymmetry which comes about when
one collides a longitudinally polarized lepton beam on an unpolarized nucleon target. As these authors showed, the
measurement of such a spin asymmetry can allow a determination of some naively-time-reversal-odd quark fragmen-
tation functions. This kind of experiments are expected to be done in the near future at the high luminosity facilities
both at DESY HERA [15] and at CERN LHC [16]. Since single spin asymmetries are of their own relevance in our
understanding the hadron dynamics, it is preferable to learn more about these structure functions before the relevant
experiments come true.
The purpose of this paper is to bound the Levelt-Mulders asymmetry from the positivity of the hadronic tensor in
combination with the Callan-Gross relation for the pion leptoproduction. One of our starting points is that due to
the Hermiticity of the quark current in the target nucleon, the hadronic tensor is a semi-denite positive form and the
involved structure functions are constrained by positivity conditions. Historically, the positivity restrictions on the
pion leptoproduction was investigated by Gourdin [17] as early as in 1972. However, he parameterized the structure
functions in terms of the cross sections for the associated photon-nucleon reactions with the same inclusive-pion nal
states. Considering that it is now a prevailing practice for the particle physics community to decompose directly
the hadronic tensors into the Lorentz invariant structure functions, we recast the positivity restrictions to the pion
leptoproduction adopting a modied Mulders parameterization of the hadronic tensor. One of the advantages in the
Mulders parameterization is that the twist properties, i.e., power behaviors, in the scaling limit are clearcut. The
main new point in our work is to combine a Callan-Gross-type relation with the positivity restrictions on the structure
function that is responsible for the Levelt-Mulders asymmetry, so as to produce some bounds on the possibility of
experimental discovery.











where the particle momenta are self-explanatory and S
l
is the spin four-vector of the lepton. In discussing the
deep inelastic scattering of the charged lepton o the nucleon, one usually adopts the so-called one-photon exchange
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is the virtual photon momentum and the summation over X exhausts all the possible nal states















f being the quark avor index and e
f
being the electric charge of the quark in unit of the electron charge. Throughout






). So, our denition of hadronic
tensor is not exactly same as that by Mulders. For comparison, we refer to Ref. [4].
In general, the hadronic tensor is decomposed into Lorentz invariant structure functions. Because adopting dierent
conventions, dierent authors usually have dierent decompositions. However, the number of independent structure
functions should always be xed because it is a reection of the symmetry properties of the hadronic tensor. Generally,
one can very easily connect his own structure functions to those by other authors. We work in the target rest frame,
letting the z^-axis be along the direction of the virtual photon motion and putting the x^-axis in the lepton scattering








j sin; 0); (2)
where P
?
is the pion transverse momentum with respect to the virtual photon movement and  is the azimuthal
angle of the detected pion. The decomposition of the hadronic tensor is subjected to the gauge invariance, Hermiticity,
parity conservation and time reversal invariance. Remembering that the hadronic tensor for inclusive one-particle






































































































































W are dimensionless structure functions, dependent on q
2




of this modied Mulders decomposition is that the twist properties, i.e, power behaviors, of the structure functions will
be naturally incarnated in the cross section formulas. In the forthcoming presentation, we will employ the virtuality




; and the energy loss of the lepton in the target rest frame  = P  q=M with M being



















arbitrary Lorentz vector a






































For a generic Lorentz vector, one can always expand it over a complete set of bases constructed by four other
independent vectors. Of course, one can choose one vector of the bases to be proportional to the momentum of the





























; 0; 0; ): (9)
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= 0; with i 6= j: (11)
In addition, they satisfy the Lorentz condition
e
i
 q = 0; i = 1; 2; 3: (12)




one can gain only an identity 0  0, which reects the current conservation of the







































































). In other words, they
are only necessary conditions.
As a matter of fact, the sucient and necessary conditions for the positivity of a matrix are that all of its submatrices



























































































































































































































































Now we are in the position to examine the necessary and sucient positivity conditions for our hadronic tensor.









)] = 0. This occurs by no means accidentally for it reects the electromagnetic gauge
















) is at most at rank





























































































































)  0: (28)
























































































































































































)  0: (34)
Simply letting cos = 1 in (32) or sin  = 1 in (34), two corresponding inequalities reduce to (28). However, combining





















































)  0: (35)
If taking cos = 0 in (32) or sin = 0 in (34), one will regain (14).















































At this stage, we observe that (28) through (35) can be divided safely by W
1
without changing the direction of the

















When adding (37) to (38), however, one recovers (13).
Now we discuss the phenomenological implications of the above positivity constraints. In principle, structure
functions W
i
(i = 1;    ; 4) can be measured with a polarized lepton beam while the measurement of
^
W requires
the polarization of the incident beam. As Levelt and Mulders has claried [10], its determination can be done by
measuring a hsin i asymmetry of the considered process in relation to the lepton beam being polarized parallel and
antiparallel to the momentum direction.


























































































































































































































































































































Experimentally, one usually polarizes the lepton beam longitudinally or transversely. In the case of longitudinal



































































































































i, it has largest value at sin  = 1, i.e, when the pion momentum
has no transverse components in the lepton scattering plane.
Now we use the results derived from the positivity analysis to bound A
L






































































































































As a rough approximation, we may neglect all the Q-power suppressed eects as compared to O(Q
0
) quantities.
























































to simplify the right-hand side of (54) further. The verication of Eq. (55) can be very easily done in the naive
quark-parton model without intrinsic transverse parton momentum. Actually, it can also be obtained simply from
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)! 0 as Q!1 with x xed: (56)


















W contribute at one-power suppressed level, i.e., at twist three, it should be stressed that (57) is
an amplied upper bound for A
L
. The reason is that in deriving (52) from (28) and (39), we have assumed W
3
= 0.
Because experiments on spin asymmetries are usually subject to large statical errors, this positivity constraint can be
taken as a very useful guide to judge the reliability of the experimental results.
On the other hand, (57) simply informs us that the chance to measure the Levelt-Mulders asymmetry is very faint
in some kinematical domain. To be illustrative, we draw in Fig. 1 the derived upper limit of the Levelt-Mulders
asymmetry A
L
versus the fraction of the lepton energy loss y, with x = 0:5, sin  = 1 and Q = 5M at which the
perturbative QCD can be applicable so that the Callan-Gross relation is reliable.
In principle, the above discussion can be generalized to the case of the lepton beam being transversely polarized.
However, Eq. (49) will no longer hold so the corresponding spin asymmetry formed by ipping the lepton spin will be
M
l
=Q-suppressed. We do not carry out such an extension since it cannot supply any practical experimental guidance.
In principle, our discussion can also be generalized to the case in which the nucleon is polarized and even to the
case the semi-inclusively detected hadron is a baryon, to say, a  hyperon with its spin state monitored. However,
such a generalization will be of less practical meaning because a huge number of structure functions are involved in
decomposing the corresponding hadronic tensors.
In summary, we have examined the positivity constraints on the structure functions for the semi-inclusive one-pion
production induced by a charged lepton beam on an unpolarized nucleon target. We found that due to the positivity




can be determined. On the other
hand, there exists an inequality restricting ve structure functions. This restriction, in connection to the Callan-




, yields an upper bound on the Levelt-Mulders asymmetry, provided one neglects
higher-twist eects compared to the leading contributions.
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Figure Caption
Figure 1. The upper bound of the Levelt-Mulders asymmetry (A
L
) versus the fraction of the lepton energy loss
(y). The Bjorken x is taken to be 0.5, the pion azimuthal angle () to be 90

with respect to the lepton scattering
plane, and the momentum transfer (Q) to be ve times the nucleon mass (M ).
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